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ON THE COMPLEX MONGEAMPRE OPERATOR
IN UNBOUNDED DOMAINS


by Per Ahag
and Rafal Czyz

In this note we give sufficient conditions on a measure µ, defined on a unbounded strictly hyperconvex domain in Cn , to be the Monge
Amp±re measure of some plurisubharmonic function. These generalize recent results by L¶ et al.

Abstract.

1. Introduction. In this note we shall generalize the main result of Cegrell's seminal article [4] to certain unbounded domains. For the recent progress
of the complex MongeAmp±re equation on unbounded domains we refer to [2,
11] and the references therein.
Recall that a function ϕ : Ω → (−∞, 0) is called an exhaustion function
for a connected and open set Ω ⊆ Cn if the closure of the set {z ∈ Ω :
ϕ(z) < c} is compact in Ω, for every c ∈ (−∞, 0). If Ω is bounded (or
unbounded) such that we can choose ϕ to be bounded and plurisubharmonic,
then Ω is called hyperconvex and if additionally ϕ can be chosen to be strictly
plurisubharmonic, then we call Ω strictly hyperconvex. The assumption that
Ω is (strictly) hyperconvex is a standard assumption to ensure the existence
of sufficiently many plurisubharmonic functions that satisfy limz→∂Ω ϕ(z) = 0.
The set PSH− (Ω) shall be the set of nonpositive plurisubharmonic functions
defined on Ω. Following Cegrell in [4], we introduce the subsets E0 (Ω), F(Ω),
and E(Ω) of PSH− (Ω) (see Section 2 for details).
Our aim of this note is the following:

2010 Mathematics Subject Classification. Primary 32W20; Secondary 32U25.
Key words and phrases. Complex MongeAmp±re operator, plurisubharmonic

function,
Dirichlet problem, unbounded hyperconvex domain.
The second-named author was partially supported by NCN grant DEC2013/08/A/ST1/00312.

8
1.1. Let Ω be an unbounded strictly hyperconvex domain in Cn ,
and let µ be a nonnegative Radon measure defined on Ω, vanishing on pluripolar
sets such that there exists H ∈ PSH− (Ω) ∩ L1 (µ), H 6= 0. Then there exists
u ∈ E(Ω) such that
(ddc u)n = µ .
Here (ddc u)n denotes the complex MongeAmp±re measure of u.
Theorem

Theorem 1.1 generalizes Corollary 5.4 in [11]. We leave out the question
about Cegrell classes with boundary values that was considered in [11]. It
should be noted that it is not known wether the assumption that the domain
Ω should be strictly hyperconvex is necessary.
As said earlier this is a generalization of Cegrell's result to unbounded
strictly hyperconvex domains. An example due to Jarnicki and Zwonek [9]
shows that there exists an unbounded hyperconvex domain in Cn that is not biholomorphically equivalent to any bounded pseudoconvex domain in Cn . This
shows that the complex MongeAmp±re equation on unbounded domains is
considerably different from the one considered on bounded domains ([9], see [2]
for details).
We would like to thank the referee for valuable comments and suggestions.

2. Preliminaries. In this section we shall state some known definition
and results that we shall use in the proof of our main theorem. In the original
references they are stated and proved under the assumption that the underlying
domain is bounded, but by following the ideas one can repeat the proofs line
by line and see that the results hold for unbounded domains as well.
Following the notation introduced by Cegrell in [4] (see e.g. [7] for a detailed
overview) for bounded hyperconvex domain, we define the following classes of
plurisubharmonic functions on an unbounded hyperconvex domain Ω in Cn :


Z
n
−
∞
c
E0 (Ω) = ϕ ∈ PSH ∩L (Ω) : lim ϕ(z) = 0, lim ϕ(z) = 0, (dd ϕ) < ∞ ,
z→∂Ω
|z|→∞
Ω
(
)
Z

F(Ω) =

(ddc ϕj )n < ∞ ,

ϕ ∈ PSH− (Ω) : ∃ {uj } ⊂ E0 (Ω), ϕj & ϕ, sup
j

Ω


E(Ω) = ϕ ∈ PSH− (Ω) : ∀ ω b Ω ∃ ϕω ∈ F(Ω) such that ϕω = ϕ on ω .
Note that in case of bounded hyperconvex domain Ω the condition

lim ϕ(z) = 0

|z|→∞

in the definition of E0 (Ω) is superfluous.
The following theorem is Theorem 2.1 in [4]:
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Theorem 2.1. For any negative plurisubharmonic function u defined on an
unbounded hyperconvex domain Ω ⊆ Cn there exists a sequence {uj } ⊂ E0 (Ω)
such that uj & u pointwise, as j → ∞.
Proof. We shall follow the original proof from [4]. Let w ∈ E0 (Ω), w 6= 0.
Choose an increasing sequence, Ωj , of strictly pseudoconvex subsets of Ω such
that for every j ∈ N there is Ωj b Ωj+1 and

∞
[

Ωj = Ω .

j=1

In other words, Ωj is a fundamental sequence of Ω. Furthermore, this fundamental sequence can be chosen so that for each j ∈ N there is

w≥−

1
2j 2

on Ω\Ωj .

−
∞
Let now {vk,j }∞
k=1 ⊂ PSH (Ωj+1 ) ∩ C (Ωj+1 ) be a decreasing sequence that
converges pointwise to u, as k → ∞, and such that vj,j ≥ vj+1,j+1 . Set



max vj,j − 1 , jw
on Ωj ,
j
ũj =
jw
on Ω\Ωj .

Then on Ωj+1 \ Ωj there hold

jw ≥ −

1
1
1
> − > vj,j − .
2j
j
j

Hence, ũj ∈ E0 (Ω) and the sequence ũj converges pointwise to u on Ω, as j →
∞. Note that the sequence {ũj } is not necessarily decreasing, and therefore
define
uj = sup ũk .
k≥j

The construction of ũj implies that

ũj +

1
1
≥ ũj+1 +
,
j
j+1

which implies that for each fixed j ∈ N it follows that the sequence


1
max ũj , ũj+1 , . . . , ũm−1 , ũm +
m
decreases pointwise to uj on Ω, as m → ∞. Thus, uj is an upper semicontinuous function and we get that uj ∈ E0 (Ω). Finally, {uj } is decreasing and
converges pointwise to u on Ω, as j → ∞.
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Remark. If in Theorem 2.1 we assume that E0 (Ω) ∩ C(Ω̄) 6= ∅, then we
can choose the functions in the approximating sequence to be continuous on Ω̄.
Under the additional assumption that Ω is bounded the assumption E0 (Ω) ∩
C(Ω̄) 6= ∅ is superfluous (Theorem 2.1 in [4]).

To define the complex MongeAmp±re operator for unbounded domains
we shall follow Cegrell's classical approach from [4] instead of subextension
techniques used in [11]. We need a decomposition theorem guaranteeing
that a smooth compactly supported function can be written as a difference
of two bounded plurisubharmonic functions. This allows us to check weak∗ convergence of the MongeAmp±re measures related to plurisubharmonic functions.
Using the original proof from [4], but with a negative and bounded strictly
plurisubharmonic function ψ instead of |z|2 , we obtain the following.
Theorem 2.2. Let Ω be an unbounded hyperconvex domain for which there
exists a negative, bounded strictly plurisubharmonic function ψ . Then

C0∞ (Ω) ⊂ E0 (Ω) − E0 (Ω) .
Proof.

Fix ϕ ∈ E0 (Ω). If f ∈ C0∞ (Ω), then there exists k > 0 such that

f + kψ ∈ PSH(Ω) .
Now fix a ∈ R, b ≥ 0 such that

a < inf (f + kψ) < sup(f + kψ) < b
Ω

Ω

and define

u = max(f + kψ − b, M ϕ),
where M > 0 is chosen so that M ϕ < min(a − b, kψ − b) on supp f . Then
u ∈ E0 (Ω) since u ≥ M ϕ, and u = f + kψ − b on supp f . Observe that

v = max(kψ − b, M ϕ) ∈ E0 (Ω) ,
and v = kψ − b on supp f . Thus, f = u − v .
By following [4] it can be proved that the MongeAmp±re measure of a
function u ∈ E(Ω) is well defined in the sense that for any sequence {uj } ⊂
E0 (Ω) with uj & u, the corresponding sequence of MongeAmp±re measures
(ddc uj )n is weak∗ -convergent to some measure µ. Furthermore, the limit measure µ does not depend on the approximating sequence {uj }.
We shall also need the following two theorems. Theorem 2.3 is basically
Proposition 5.1 in [4].
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Theorem 2.3. Assume that Ω is an unbounded strictly hyperconvex domain
in Cn and let {uj } ⊂ E(Ω) be a sequence such that uj & u pointwise as j → ∞.
Then u ∈ E(Ω). Furthermore, if a decreasing sequence {uj } ⊂ E0 (Ω) is such
that it converges pointwise to a function u ∈ F(Ω), then for any given negative
plurisubharmonic function H defined on Ω there holds
Z
Z
c
n
H(ddc u)n .
H(dd uj ) =
lim

j→∞ Ω

Ω

Theorem 2.4 was first proved in [3] (for a proof in our setting see e.g.
Lemma 3.12 in [7]).
2.4. Let Ω be an unbounded strictly hyperconvex domain in Cn ,
w be a bounded negative plurisubharmonic function in Ω and let u ∈ F(Ω).
Then
Z
Z
(−u)n (ddc w)n ≤ n!kwkn−1
(−w)(ddc u)n .
L∞
Theorem

Ω

Ω

3. Proof of Theorem 1.1. We shall need the following well-known lemma
that basically is contained in the proof of Theorem 4.5 in [4] (see also Proposition 4.5 in [11]). This lemma is a central tool in certain subextension techniques
(see e.g. [6, 8, 10, 12, 13] for further information and references).
3.1. Let Ω be an unbounded hyperconvex domain in Cn and let
ω b Ω be a bounded hyperconvex domain. For any v ∈ F(ω) we define
Lemma

u = sup{ϕ ∈ PSH− (Ω) : ϕ ≤ v on ω} .

Then u ∈ F(Ω) and (ddc u)n ≤ χω (ddc v)n .
Next, we shall give a proof of Theorem 1.1.
Assume that Ω is an unbounded strictly hyperconvex domain in
and let µ be a nonnegative Radon measure defined on
Ω, vanishing on pluripolar sets and such that there exists a negative plurisubharmonic function H ∈ PSH− (Ω) ∩ L1 (µ), H 6= 0, which in particular means
that
Z
(3.1)
(−H) dµ < ∞ .
Proof of Theorem 1.1.

Cn ,

Ω

Theorem 2.1 yields that there exists a sequence {Hj } ⊂ E0 (Ω) such that Hj &
H , and then by (3.1) we have
Z
Z
(−Hj ) dµ ≤ (−H) dµ < ∞ .
Ω

Ω
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Thus, we may without loss of generality assume that H ∈ E0 (Ω). Let {Ωj }
be a fundamental sequence for Ω as in the proof of Theorem 2.1, and set
µj = χΩj µ, where χΩj is the characteristic function for Ωj . Then there exists a
plurisubharmonic function vj ∈ F(Ωj ) defined on Ωj such that (ddc vj )n = µj
(see e.g. [5]), and by the comparison principle (see e.g. [1]) we conclude that
{vj } is a decreasing sequence. Now define

uj = sup{ϕ ∈ PSH− (Ω) : ϕ ≤ vj on Ωj } .
Then by Lemma 3.1 we get uj ∈ F(Ω) and

(ddc uj )n ≤ χΩj (ddc vj )n = µj .
We know that vj is decreasing, and therefore so is uj . Using Theorem 2.4
and (3.1) together with H ∈ E0 (Ω), it follows that
Z
Z
(−H)(ddc uj )n
(−uj )n (ddc H)n ≤ n!kHkn−1
L∞
Ω
Z
Z Ω
n−1
n−1
(−H) dµ < ∞ .
(−H) dµj ≤ n!kHkL∞
≤ n!kHkL∞
Ω

Ω

Thus, there exists a function u such that uj & u and by Theorem 2.3 we
conclude that u ∈ E(Ω) with (ddc u)n = µ.
3.2. Let Ω be an unbounded strictly hyperconvex domain in Cn .
Then the set of all nonnegative, finite Radon measures defined on Ω, vanishing
on pluripolar sets belongs to the range of the complex MongeAmp±re operator.
Corollary

References

1. Ahag P., Cegrell U., Czyz R., Ph¤m H. H., MongeAmp±re measures on pluripolar sets,
J. Math. Pures Appl., 92 (2009), 613627.
hag P., Czyz R., Kolodziej's subsolution theorem for unbounded pseudoconvex domains,
2. A
Univ. Iagel. Acta Math., 50 (2012), 723.
3. Blocki Z., Estimates for the complex MongeAmp±re operator, Bull. Pol. Acad. Sci. Math.,
41 (1993), 151157.
4. Cegrell U., The general definition of the complex MongeAmp±re operator, Ann. Inst.
Fourier (Grenoble), 54 (2004), 159179.
5. Cegrell U., A general Dirichlet problem for the complex MongeAmp±re operator, Ann.
Polon. Math., 94 (2008), 131147.
6. Cegrell U., Hed L., Subextension and approximation of negative plurisubharmonic functions, Michigan Math. J., 56 (2008), no. 3, 593601.
7. Czyz R., The complex MongeAmp±re operator in the Cegrell classes, Dissertationes
Math., 466 (2009), 83 pp.
8. Hed L., Approximation of negative plurisubharmonic functions with given boundary values, Internat. J. Math., 21 (2010), no. 9, 11351145.
9. Jarnicki M., Zwonek W., personal communication, Krakâw, Poland, 8th July 2011.

13
10. L¶ H. M., Nguy¹n H. X., Subextension of plurisubharmonic functions without changing
the MongeAmp±re measures and applications, Ann. Polon. Math., 112 (2014), no. 1,
5566.
11. L¶ H. M., Nguy¹n H. X., Nguy¹n T. V., The complex MongeAmp±re equation in unbounded hyperconvex domains in Cn , Complex Var. Elliptic Equ., 59 (2014), no. 12,
17581774
12. Nguy¹n H. X., MongeAmp±re measures of maximal subextensions of plurisubharmonic
functions with given boundary values, Complex Var. Elliptic Equ., 60 (2015), no. 3,
429435.
13. Ph¤m H. H., Pluripolar sets and the subextension in Cegrell's classes, Complex Var.
Elliptic Equ., 53 (2008), no. 7, 675684.
Received

September 21, 2016

Umea University
Department of Mathematics and Mathematical
Statistics
SE-901 87 Umea
Sweden
e-mail : Per.Ahag@umu.se
Jagiellonian University
Faculty of Mathematics and Computer Science
Lojasiewicza 6
30-348 Krakâw
Poland
e-mail : Rafal.Czyz@im.uj.edu.pl

